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Abstract

Numerous causal and structural effects rely on regression estimates, such as policy effects
and parameter estimation in economic structural models. Such regressions may involve high-
dimensional covariates, so machine learning approaches are of interest. However, putting ma-
chine learning models together with identifying equations can result in regularization and model
selection bias. This paper introduces a method to automatically debias in Dynamic Discrete
Choice problems. This debiasing method does not require the analytically form of the bias cor-
rection term to be given. It is applicable to all forms of regression learning techniques, including
neural networks, random forests, Lasso, and other techniques available for high-dimensional
data. The paper also supplies robust standard error estimations to address misspecification,
rates of convergence of bias correction, and asymptotic inference conditions for basing the esti-
mation of a range of structural effects. Methodologically, we build on locally robust/orthogonal
scores of |Chernozhukov et al.| [2022a] and on automatic debiasing via Riesz regression (Cher-
nozhukov et al.| [2024]), adapting these ideas to the Dynamic Discrete Choice (DDC) setting
and deriving DDC-specific rates and inference.

1 Introduction

In Dynamic Discrete Choice models, structural parameters depend on nonparametric or high-
dimensional first-steps, referred as conditional choice probabilities (CCPs). Machine Learning
techniques such as Lasso and Neural Networks are applied in case of a large dimension for state
variables in order to alleviate the curse of dimensionality. However, utilizing ML for estimating the
first-steps introduces biases into the estimation of the structural parameters due to regularization
and variable selection. In this paper, we propose the utilization of an Automatic Debiased Machine
Learning method via Lasso to estimate the first-steps in Dynamic Discrete Choice problems. The
approach provides an automatic method for the estimation and correction of the arising bias from
the first-steps estimation. Rather than deriving analytic bias-correction terms as in |Chernozhukov
et al.| [2022a], we estimate the Riesz representers of the pathwise derivatives—an approach known
as automatic debiasing or Riesz regression (Chernozhukov et al. [2024]). Our contribution is to
specialize this automatic construction to DDC, design feasible learners for the DDC-specific Riesz
objects, and establish DDC-tailored rates and inference.

Machine learning is necessary to estimate economic and causal models, particularly when there
are high-dimensional covariates or state variables, as illustrated by studies such as Robins et al.
[2013], Belloni et al.| [2017], |Athey et al. [2018], |[Farrell [2015]. Certain machine learning methods
such as Lasso, boosting, neural networks, random forests, etc., prove useful in such situations.
Orthogonal moment functions bring relief from model selection and regularization biases, which



are normally encountered at initial phases of machine learning. Applying cross-fitting to debiased
generalized method of moments (GMM) decreases bias even more and removes the need for Donsker
conditions, which are rarely met in a broad range of machine learning applications. The large
sample theory constructed herein focuses primarily on mean-square convergence behavior and thus
can be applied to a broad range of machine learning methods. The advantages Automatic debiased
GMM offers over plug-in GMM make it a better alternative in a majority of machine learning
applications. |Chernozhukov et al. [2023] extends automated debiased machine learning to the
dynamic treatment regime and, more generally, to nested functionals with the dynamic discrete
choice model estimation applications. This paper contributes to this literature by studying the
asymptotic theory and Monte-Carlo exploration of the Automatic Debiased Machine Learning
estimator for Dynamic Discrete Choice problems.

Additional biases can be caused by the nonlinearity of moment conditions in the first step 4.
Cattaneo and Jansson| [2018] and |Cattaneo et al.| [2019] have derived helpful bootstrap and jackknife
methods that eliminate nonlinearity bias. [Newey and Robins| [2018] demonstrated that one can also
eliminate this bias by cross-fitting in certain environments. In this paper, we employ cross-fitting
to address this issue.

The structure of this paper unfolds as follows: In Section we introduce the Debiased Machine
Learning estimator within a general framework. Section [3| outlines the context of the Dynamic
Discrete problem and explores the application of Lasso in the estimation of first steps CCPs.
Moving on to Section 4, we detail the automatic estimation of influence functions. In Section
we conduct a Monte Carlo study to evaluate the finite-sample properties of this estimator. Finally,
in Section [0 we present the Asymptotic Theory for the Automatic Debiased Machine Learning
estimator in the context of Dynamic Discrete Choice problems.

2 Debiased Machine Learning Estimator
Consider the identifying moment functions as in |Chernozhukov et al.| [2022a]:
]E[g(w/a 70, 00)] =0

Where 6y is the true value of the parameters of interest, vg is the true value of the nuisance
parameters and W is a data observation. A common 'plug-in" GMM estimator can be used to
estimate 6:

o Estimating the first step 4 by Lasso.
o Plugging 4 into the sample moment § = >"1* ; g(W;,4,0)/n.

A

o Estimating 0 by minimizing a quadratic form in these estimated sample moments: 6 =
argmingeg §Wg

Since Lasso performs variable selection/regularization, this estimator is highly biased. Let Fj de-
notes the true distribution of W, and H be some alternative distribution. Let F; be the combination
of Iy and H:

Fr=(Q1-71)Fy+7H, 7€][0,1]

Intuition: F’ represents the model mispecification.



Key assumption: Existence of the Gateaux derivative:

CZ]E[Q(W, Y(Fr),0)] = /¢(w77070é079)H(dw)7 E[¢(w, 0, 20,8)] =0 (1)

This assumption allows us to measure the local effect of first step v on the expected identifying
moment. ¢(w,,a,d) is referred as the non-parametric influence function resulted from first step
estimation of nuisance parameters. Then orthogonal moment functions are constructed as follow:

w(I/Va Y, &, 0) = g(VVv 9) + ¢(W Y5 &, 0)

Then the Debiased Machine Learning Estimator can be constructed using the following steps:
o Step 1: Partitioning the data into L groups Iy (¢ =1,..., L).

e Step 2: Estimating the nuisance parameters 4, using machine learning method such as
LASSO.

e Step 3: Constructing the debiased sample moments functions:

~ N

L
D0) = 9000+, 9(0) = 303 (Wi, 56,0),

(=11i€l,
.1 & _
¢ = 72 QZ)(VI/Z')’S/Z)OA(Z)GE)
n :
EZ].ZEIZ

Where 0, is the plug-in estimator of 6 obtained by minimizing a quadratic form in these esti-
mated sample moments g using observations in groups other than group ¢: 6 = argmingcg §'Wg.

e Step 4: Estimating 0 using ML:

>

= in ) (0) T (0
arg min(6) T (0)
Where 6y is the plug-in GMM estimator of the paramaters of interest.

3 General Settings of Dynamic Binary Choice Problems

In this section, we present the general framework for Dynamic Discrete Choice (DDC) problems,
focusing specifically on dynamic binary choice for simplicity. However, the proposed method is
extendable to more sophisticated settings. Below is a table summarizing the key notations used
throughout the paper.

3.1 Model Description

Individuals make decisions between two alternatives, denoted by 7 = 1 and j = 2, over T time
periods. The objective is to maximize the expected present discounted value of per-period utility,
defined as:

th:Dj(Xt)leo—i-ejt, 17=12 t=1,...,T (2)



Table 1: Notation Definitions

Symbol Definition

J Choice alternative, j = 1,2

t Time period, t =1,...,T

Uijt Utility of choosing alternative j at time t

D;(Xy) Vector of state-dependent variables for choice j at time ¢

0o Parameter vector to be estimated

€t Idiosyncratic shock for choice j at time ¢, i.i.d with known CDF
Xy State variable vector at time ¢, Markov of order 1 and stationary
Y Indicator variable, Yj; = 1 if choice j is made at time ¢

v10(X¢) Probability of choosing alternative 2 given X, Pr(Ye, = 1|X})
H(p) Known transformation function, e.g., H(p) = 0.5227 — In(1 — p)
v20(X¢) E[H(v10(Xt41)) | X, Yor = 1]

Y30 E[H (v10(Xt11)) | Y1 = 1]

V(X) Expected value function at state X;

A(a) CDF of €14 — €

1) Discount factor

o Estimator of v for k =1,2,3

Vi (F) Probability limit of 4, under misspecification

g(W,6,~) Identifying moment function

Here, €;; represents an independent and identically distributed (i.i.d) error term with a known
cumulative distribution function (CDF). This error term is independent of the entire history { X;}52;
of the state variable vector X;. The state vector X; is assumed to follow a first-order Markov process
and is stationary. The parameter vector of interest is 6y. We assume that the CDF of €j; follows a
Type I extreme value distribution, and the dimensionality of X is high.

Choice 1 is designated as a renewal choice, meaning that the conditional distribution of X, given
X; and choice 1 is independent of X;.

For identification purposes, we set:

Di(X,) = (~1,0)

Do(Xy) = <2>

where the first element of Da(X;) is zero, ensuring that the first element in 6 serves as a binary
choice constant.

Let F' represent a possible CDF for a data observation. Define the indicator variable Y}; such that
Yjs = 1 when choice j is made at time t. Let v19(X¢) = Pr(Ye = 1|X;) and V(X;) denote the
expected value function. Following Hotz and Miller| [1993], there exists a known function H(p)
satisfying:

EV(Xe1)) | Xi, Yor = 1] = E[V(Xe41)) [ Yie = 1] = 720(Xt) — 730 3)

As per |Aguirregabiria and Mira, [2002], when €1, and ey are independent Type I extreme value, the
function H(p) takes the form:
H(p) =0.5227 —In(1 — p) (4)



The choice probabilities can be expressed using the CDF A(a) of €;; — ey, the difference in state-
dependent variables D(X;) = Dy(X¢) — D1(X}), and the discount factor §:

Pr(Ya = 11X¢) = A (a(X¢, 00, 720, 730))
a(X¢,0,72,73) = D(Xy) 0 + 6 (v2(Xy) — 73)

Let A1, 42, and 43 denote the estimators of v19, Y20, and 739, respectively. Their probability limits
under general misspecification are denoted by 1 (F'), v2(F), and ~3(F).

The identifying moment functions are specified as the derivative of the pseudo log-likelihood asso-
ciated with the binary choice probability with respect to ~:

T
g(W,0,7) = Z a(Xt,0,72,73)) [Yor — A (a(X, 0,72,73))] (5)
where Au(a) dA(a)
7 (a(X¢, 0,792,73)) = m, Ag(a) = T (6)

Given that €;; follows an independent Type I extreme value distribution, the CDF A(a) is the
logistic function:

e
Afa) = 7
()= (7

Consequently, the function m(a) simplifies to:
Tr(a(Xt797727’73)) =1 (8)

3.2 Assumptions and Properties

o The error terms €;; are independent and identically distributed with a Type I extreme value
distribution.

o The state variable X; follows a first-order Markov process and is stationary.

o Choice 1 is a renewal choice, implying that the future state X;11 is independent of the current
state X; given that choice 1 is made.

e The model is identified using the moment conditions derived from the derivative of the pseudo
log-likelihood.

3.3 Plug-in GMM estimator of 0

The identifying moment functions |5 implies that the estimator of y10(z),y20(z), v30(x) are needed
in order to estimate the structural parameters #. Since the dimension of X is high, we consider
linear Lasso estimators for 41y and 494, in which 47, and 49 are the estimators of yi0(z), v20 ()
from observations not in Iy. Then we can plug 41 into the formula of 43, to form an estimator for
v30. Let J1p¢ be an estimator of the conditional choice probability computed from observations not
in Iy or Ip. Let b(x) denote a p x 1 dictionary of functions of the state variables z. We form 41, 45



and A3 as:

A90(X) = b(X) Bar, Por = arg mln{ 2058 + B'Qaef + 211 Z 1851},

7j=1
M, = (n—ngT Z > Zymb it) H (e (Xij41)),
n= Z’#Zzelzzt 1
Qu=—""=> Zanb it)b(Xit)',
(n - n[) IGIZ/ t=1
Y3e = Z > ZYhtH Yree (Xit+1)),
Pl(” é’;éhell/t 1
Pi=r M ZYm
(n o n[ ZGIE/ t=1
Here A9y is Lasso with LHS variable H (9100 (X;t+1)) and RHS variables b(X;:)Y2ir, and 43¢ is a
sample mean conditional on Yi;; = 1. Then one can form a plug-in GMM estimator of 8 by

plugging these first-steps into the identifying moment functions [f] and minimizing the quadratic
form in these estimated sample moments. However, since Lasso performs regularization/variable
selection to reduce the variance of prediction, this plug-in estimator is highly biased. Note that we
do not use Lasso to estimate 3 since it is the sample average of H(v(X;+1)) over the observations
with Y7; = 1, so it does not induce additional bias to the estimation of the structural parameters
of interest.

3.4 Debiased Machine Learning estimator of ¢

Following the results in (Chernozhukov et al. [2022a], one can correct the biases from the first-steps
by adding the influence functions (FSIF) to the identifying moment functions. The functional forms
of these FSIFs are:

1 T
$1(W.0,0,7) = Yo (X1, 0)[Yorr1 — 1(Xpp1)],
t=1

b2(W,0,0,7) = Zozz (Xt Yor, 0)[H (71 (Xi11)) — 72(X0)],
t=1

¢3(W, 0, ) = 043* ZYIt (11 (Xe41)) — 73]
T=
The true functions aqg, aog and agg are:
aio(x,0o) = {E[OQO(Xt,Y%@o)!XH = z] + azoE[aso - Y1| Xep1 = 2]} H)p, (y10(2))

a(x

a20(z, 42, 00) = ~3D(a)m (a(@)) 2 0y — a8y, 320, 720),
A(a(z))

azo = —E[ago (X, Yat, 00)]/ Pro, Pio = E[Y14]

Then one can form the debiased identifying moment functions as follows:

¢(W 9) O‘v'.Y) = g(VVa 077) + ¢1(W/, 970477) + ¢2(W> 970477) + ¢3(W7’77 Oé) (9)



Then one can form the Debiased Machine Learning estimator estimator of # by plugging first-step
CCPs into the Debiased identifying moment functions (4) and minimizing the quadratic form in
these estimated debiased sample moments (following the procedure described in Section 2). A
potential shortcoming of this approach is that the estimation of gy and aqg require the inversion
of the high-dimensional density A (a(x)) and (1 — v19), which can be noisy during the estimation
process (when the probability gets close to 0 and 1) and increase the standard error of the estimated
structural parameters of interest. To address these issues, I propose the Automatic Estimation
approach in the next section.

4 Automatic Estimation of the influence functions based on sam-
ple moment function

Chernozhukov et al.| [2022a] presented an approach to correct the bias from the first-steps using
the analytical form of the influence functions as described in section 3.4. In this paper, I propose
the automatic framework that does not require the knowledge of the true functional forms of the
influence functions. Denote I'y and T's as the sets of possible directions of departures of i (F)
and v2(F') from 719 and ~99. As mentioned in the previous section, we do need to consider the
misspecification of 3. Suppose that we can form the sample moment function by replacing the
expectation in equation (4) with the sample average, and 710, 720 and 39 by 91, 42 and 43. Consider
the sample average as follows:

~ d

Ve (0,0) = dn )T Z Z¢ it> 50 +nd, a, 0y) forall 6 €T (10)
n (n —ng)T i€, t=1 0

Note that 0y is the plug-in estimator (GMM) of 0. In the Dynamic Discrete Chocie problem, the

sample moment functions are:

. d 1 T _
V1, (01, 01) = —— s W (Wit, 410 + nd1, a1, 6) =0 forall o €Iy (11)
7 dn (n —ng)T iezlgl ; o
. d T
wQ’W ((52, 052) Z Zw 115,’72( + 7152, a9, 95) =0 fOI“ all (52 S FQ (12)
dn (n —ny) T el i1 Y

For the two scalar residuals A; (W, v1(X¢)) = Yor — v1(Xy) and Ae(Wy,v2(Xy)) = H(y(Xieg1)) —
v2(X¢), we consider v1(F) € I'1,y2(F) € I'y satisfying:

Ep[al(a?))\l(ﬂ/, ’yl(F)(X))] =0 for all 61 € I'y (13)
EF[QQ(IE)/\Q(I/V, ’YQ(F)(X))] =0 for all 52 el (14)

In this example, the functional forms of v; (F')(X) and 72 (F)(X) are:

Y1 (F)(Xt> = EF[Y2t|Xt]
Ep[H (71 (Xt+1)) - Yor| X4
P(Yar = 1|Xy)

2(F)(X) = Ep[H (y1(Xe41)) | Xe, Yor = 1] =

From these definitions, we can make the following inference:



o Any directions of departure of 7; (namely all possible «;) can be well-approximated in mean-
square by some finite linear combinations of basis functions b;(X).

o Any directions of departure of 7 (namely all possible ) can be well-approximated in mean-
square by some finite linear combinations of basis functions b;(X).

Assumption 1: For all set I';, there exists a set of basis b(x) = (bi(z), ..., bp(x))’, where b; € ; Vj
and Vv € T; and € > 0, there are p and p € R? such that E[o — b(z)'p?] < e.

The intuition of this assumption is that any function a belongs to the set I'; can be approximated
in mean-squared by the linear combination of the basis functions b;(x). Then let (b1(X), b2(X),...)
be the basis of I';, and I's. Therefore, we can let 6; = b;(X), d2 = b;(X). Let 5\1%[ =

dA1i (Wi A1e+nd1) — 851 Nor = P2i(Wifdaetnds)
dn n=0 1y Aing, dn

n=0
p-dimensional identity matrix. For b(X) = (b1(X), b2(X), ..., b,(X))’, I have the following sample
functions:

= —02. Let e; be the jth column of a

wlk,'m( js P b) Jké G'QEP
w%m<wﬁnl) Nﬁl €SB,

Mjkl Z Z; Wit, 10 + nbj, 0y),
ZEI t
. 1 T |
O T 513 > A, MM
. 1 r o
N = T =z t; 2 9(Wit, Fo0 +nb;, 0,)
5= (n —1ne)T IGZIW ; :\sz (Xit)b(Xit)'

Corresponding to the kth orthogonal moment function. The true functional form of M k1 N k1 are:

Mjkl Z Z zt771€ +nb]’9€)
’LG[ ) t= 1
d [m Yier, Xrer D(Xio) [Yair — Ma(Xit, 00, ar, 75@))]]
N dn
Z Z D(X a(Xit, 26, 43¢, 02)) 210 (Xit) — As1e(Xir)]
(n—ng)T il t=1
S a (Xitv':;?ﬁvﬁ%ﬁaéﬁ))
N, W, b 0 D(X; b,
e n—ng Z Zd t: e + by, 0) = n—ng Z Z ) A(a(Xit)) ’
i€l t=1 i€l t=1

Where the functional form of 491,(X;;) and A310(X;t) are:

Ao1e(Xit) = BIH (A10(Xip41))b; (Xi 411)| Xit, Yoir = 1]
A310(Xit) = E[H/(ﬁu(Xz t41))05 (Xi141)|Yiae = 1]



H' is the derivative of H w.r.t ~1).
Let ng = (Mlkg, ...,Mpkg)/, le = (ng, ...,Npkg)l so that:

. 9 . .
1k (bj, p'0) = Tp{MéeP —p'Qep/2}
j
0

Yotz (b, 8'Y2b) =
The sample moment condition —21511@71 ,(bj,p'b) =0 (j =1, ..., p) is the first order condition for min-
imizing —QM,’Cep + ' Qp (ﬁghw(bj, B'Ysb) also follows the same principle). Adding an L; penalty
to these objective functions and minimizing leads to the Lasso minimum distance estimators:

p
Gipe = Ppreb(X),  pre = arg mpin{—QMzgeP + 0 Qup+2r1 Y Ipjl}
=1

p
Gore = Breb(X), B =arg mﬁin{—QNkeﬁ +B'SeB+2r2 Y |B51}
j=1

Intuition: First we notice that the set A; of possible oy is I'1, the set Ay of possible ayg is I's.
Since &; and Go are linear combination of the basis of I'y, I's respectively, they are orthogonal
to the corresponding residuals A (W, v10(X)) and Aa(W,y20(X)). Therefore, the property of the
influence function is preserved:

E[¢(W, Y10, &1,0)] = E[a1(X, 0)A1 (W, 710(X))] = 0,
E[p(W, v20, G2, 0)] = E[a2(X, 0) Ao (W, v20(X))] = 0

Second, under this approach, the first step estimations of 47 and 42 have no first order effect on the
sample moment functions, and hence on the estimation of the parameter of interest 8, because the
moment functions (5) and (6) are satisfied. This also ensures that the double Robustness property
is satisfied.

After deriving the formulas for these «, we can plug these into the formulas for the influence
functions and then follow the estimation procedure in section 2 to obtain the Automatic Debiased
Machine Learning estimator of #. The functional forms of the influence functions are:

1 T
(W, 0,0,7) = Y (Xey1,0) Va1 —(Xes1)],
t=1

T
Ga(W,0,0,7) = 3" 02X, 0) - Yo [H (31 (X111)) — 72(X0)]
t=1

After obtaining the influence functions, we can follow the four steps described in Section 2 to obtain
the unbiased estimates of the structural parameters of interests 6.

5 Monte Carlo study

In this section, we carried out a Monte Carlo study for a model similar to that of Rust| [1987].
The state variables consisted of a positive variable z1 (mileage) and other variables o, . .., x5 with



transition

Xit+1=1Y2: = 1) X + Sea (15)
Si41 = iid half-normal - (1 + 2441) (16)
4
2= Xpp (17)
k=1

where ¢ = (0.1,0.025,0.0111,0.0063). (Xa,...,X5) is i.i.d. over t, Xos, X4 are uniformly dis-
tributed as U(0,v/12), and X3; and X5; are binary with Pr(Xz = 1) = %, k = 3,5. We specified
that D(X) is two-dimensional with D;(X) = (—1,0) and Dy(z) = (0,+/z1 + 1)/, and that ey, e

are independent Type I extreme value, so that A(a) = T4es corresponds to binary logit.

To generate the data, we solved the Bellman equation on a finite grid using the fact that the state
space has a two-dimensional structure in terms of x1 and 2%21 CrpTi+1, With linear interpolation
between grid points. We did not enforce this index structure in estimation, so that the estimation
treated the state space as dimension six. We carried out 500 Monte Carlo replications for T' = 10
and n = 100, 300, 1000, 10000. I specified five-fold cross-fitting, where L = 5.

We considered two specifications of the vector b(x) used by Lasso: a) the elements of x and square
root of elements of z, b) those from a) and squares of two elements of x.

The conditional choice probability estimators 4; was logit Lasso trimmed to be between 0.0001
and 0.9999. We used the MATLAB Lasso and logit Lasso procedures for computation. The
regularization values r1, ro, and r3 for each Lasso were chosen by two-fold cross-validation. Although
we do not know whether the resulting r satisfy the conditions in the asymptotic theory of Section
6, we do this so that the estimator in the Monte Carlo is based on an "off-the-shelf" machine learner
of unknown functions.

The results are reported in Tables 2 and 3. The PI labels the plug-in GMM estimator based only on
identifying moment functions, ADB is the Automatic debiased GMM, Bias is the absolute value of
bias, SD denotes standard deviation, and Cvg denotes coverage probability of a nominal 95 percent
confidence interval.

PI Bias | ADB Bias | PI SD | ADB SD | PI Cvg | ADB Cvg

61 (n=100) 0.030 0.002 0.227 0.233 0.970 0.944
02 (n=100) 0.030 0.002 0.102 0.108 0.984 0.936
61 (n=300) 0.012 0.002 0.134 0.137 0.950 0.924
62 (n=300) 0.012 0.001 0.060 0.063 0.984 0.928
61 (n=1000) 0.002 0.005 0.073 0.074 0.956 0.945
02 (n=1000) 0.006 0.002 0.033 0.034 0.984 0.946
61 (n=10000) | 0.001 0.004 0.023 0.023 0.964 0.934
62 (n=10000) | 0.001 0.002 0.010 0.010 0.992 0.946

Table 2: b(z) are linear and /x

10



PI Bias | ADB Bias | PI SD | ADB SD | PI Cvg | ADB Cvg

01 (n=100) 0.029 0.002 0.227 0.234 0.968 0.936
02 (n=100) 0.028 0.002 0.101 0.109 0.980 0.934
61 (n=300) 0.011 0.001 0.134 0.138 0.952 0.934

62 (n=300) 0.012 0.001 0.060 0.063 0.984 0.936
61 (n=1000) 0.000 0.002 0.072 0.073 0.960 0.946

62 (n=1000) 0.004 0.001 0.033 0.034 0.986 0.956
61 (n=10000) | 0.002 0.001 0.022 0.023 0.968 0.946
62 (n=10000) | 0.000 0.000 0.010 0.010 0.992 0.966

Table 3: b(x) are linear, v/z, and v/1 + z

For less flexible basis functions (Table 2), the ADB estimator demonstrates a smaller bias compared
to the PI estimator in smaller sample sizes. Notably, the standard deviation of the ADB estimator
is comparable to that of the PI estimator as the sample size increases. For more flexible basis
functions (Table 3), the ADB estimator exhibits smaller bias relative to the PI estimator in almost
all sample sizes, and ADB coverage probabilities are quite close to the nominal value.

6 Asymptotic Theory

Here, we obtain mean square convergence rates of the Lasso minimum distance learner of & and root-
n consistency and asymptotic normality results for the learner 6 of the target parameters and for
its corresponding asymptotic variance estimator V. My proof extends the results in |Chernozhukov
et al. [2022b] to Dynamic Discrete Choice problems. Let €, be a sequence that converges to zero
no faster than in(p)/n (where p is the number of basis functions of the set I') and for a random

variable a(W), let ||a|| = v/E[a(W)?].

—2
Assumption 2: There exist C' > 1, ¢ > 0 such that for each positive integers s < Ce2¢+1 | there is
p with s nonzero elements such that:

la— b(x)'p]l < C(s)7*

Here || — b(X)'p|| is the mean square approximation error in approximating & by the linear com-
bination b(X)’p. This approximate sparsity condition requires that there is a sparse p with only s
non-zero elements such that the approximation error is less than or equal to C(s)7¢.

Our findings need a rate of convergence for & faster than some power of n. Assumption 2 is a natural
one that is useful for achieving such a rate. Sufficient conditions for Assumption 2 are familiar in
the approximation literature, particularly when & is in a Besov or Holder class of function and
linear combinations of b(z) can approximate any function of x.

We will also employ a sparse eigenvalue condition, a concept well researched in Lasso literature.
For a vector p of dimension p x 1, let p; be a J x 1 subvector of p and p$ be the vector comprising
elements of p not in p;. Also, for a matrix A, define |[A[l1 = 37, ; as;]-

Assumption 3: G = E[b(X)b(X)'] has the largest eigenvalue bounded uniformly in n, and there
are C,c > 0 such that for all s &~ C¢,, 2 with probability approaching 1,

11



/A
pp

min min

J<s |lpselli<3llps 1 PJ,OJ

This is a sparse eigenvalue condition that is familiar from the Lasso literature, including Belloni
et al. [2017], Bickel et al. [2009] and Rudelson and Zhou [2012].

We will work with a dictionary b(X) with elements that are uniformly bounded.

Assumption 4: There is C' > 0 such that, with probability 1, sup; [b;(X)| < C. This condition

implies a convergence rate of \/In(p)/n for || — G|/, where ||A|l = max;;|a;;| for a matrix
A= [Cbij].

This condition indicates a convergence rate of \/In(p)/n for ||G' — G||o, with ||A]|s = max; ; |as;]
for a matrix A = [a;;]. Lasso mean square convergence rates are most commonly given in terms
of finite sample bounds. However, as this paper’s focus is root-n consistency of 6 and for some
root-n convergence at certain powers of n, we simplify the convergence rate to a statement without
altering the condition for 0 by allowing the Lasso regularization parameter r to decay a bit less
rapidly than ¢,. This adjustment leads to sparseness conditions in terms of strict inequalities on the
magnitude of £. Nevertheless, Bradic et al.| [2019] have established that in fact, root-n consistency
requires strict inequalities and hence no generality is lost through these conditions. We also limit
the growth of p to be smaller than some power of n.

Assumption 5: ¢, = o(r), r = o(n,) for all ¢ > 0, and there exists C' > 0 such that p < Cn®.
We also hypothesize a convergence rate for M.

Assumption 6: |M — M|o, = Op(en) as e, — 0.

Theorem 1: If Assumptions 1-6 are satisfied, then, for all ¢ > 0, ||& — &|| = o, (%)

This theorem is based on extending lemmas of |Bradic et al.| [2019] to allow €, to shrink slower than

In(p)/n.

Next, We continue with conditions for the key property:
\/>w(90 \/7277/} Wl7‘907’707050) +0P(1> (18)

Assumption D1: E[||4)(w, 70,60, a0)||?] < 0o, and
i) [ 1lg(w,4,00) — g(w, 0, 00)||>Fo(dw) £ 0;
ii) [||¢(w,4, a0,600) — d(w, Y0, a0, 00)|[*Fo(dw) £ 0;

111) f ||¢(’U},’}/0,OAé, é) - (b(wa’YOaaanO)HQFO(dw) £> 0.

These are mild mean-square consistency conditions for 4 and (&,¥) separately. Let A(w) =
¢(w7 '3/7 d? 0) - ¢(w7 Y0, da 9) - (b(w? ;5/7 Qq, 90) + ¢(w7 Y0, &, 90)

Assumption D2: Either
i) Vo [ A(w)Fo(dw) 2 0, [ A(w)2Fy(dw)dw 2 0;

12



i) |A(W)[2/v/n % 0, or
i) A(w;)/vn 2 0.

This condition imposes a rate condition on the interaction remainder A(w), that its average must
go to zero faster than 1//n.

Assumption D3:
i) [ é(w,0,a,0)F(dw) = 0 with probability approaching one; and either

4 — 70l = 0p(n~1/*) and (v, ap, ) < Cly —70|? for all v with |y — | small enough; or

1)
it) ¥(v, ag,bp) is affine in ; or
iii)

)

iv) nv (4, ap,6) 2 0.

Assumption D3 marries the important characteristic of the influence function in equation [1] of
Section 2 with doubly robust moment functions through condition (ii). Assumption D3 in this
context imposes no additional conditions beyond Assumptions D1 and D2. Conditions (iii) and
(iv) provide other minimal bias requirements, needed only for 4, but not for &. Condition (iii)
insists that there is a rate of convergence of 4 that is faster than n~/4. Such a condition is a
standard condition in semiparametric estimation literature. In most cases, condition (iii) can be
satisfied by the mean-square norm ||a|| = v/ FE[a(W)]? thereby implying that Assumptions D1-D3
will only need mean-square rate convergence.

Lemma 1: If Assumptions D1-D3 are satisfied,then equation [18]is satisfied.
Assumption D4:
D) [ lg(w,4,0) = g(w,4,60)||*Fo(dw) & 0;
i) [ [JA(w)[[Fy(dw) £ 0.
It is also 1mp0rtant to have conditions for convergence of the Jacobian of the identifying sample
moments 89(9) -G=F [&}(Lgo,%)] for any 0 2 6.

Assumption D5: G exists, and there is a neighborhood A of 6y and a norm || - || such that:

D) 115 =0l & 0;
ii) For all ||y—ol| small enough, g(W,, ) is differentiable in 6 on N with probability approaching
1, and there is C' > 0 and d(W, ) such that for § € N and ||y — 7o|| small enough,
00

H<d N6 60l[VC; Eld(W. )] < C

iii) For all £,

/’8G(VV’ ’3/)90) _ aG(W 70500)

p
aek 89k Fo(dw) — 0.

Assumption D6:

i) There is Ve > 0 such that v10(X) € [¢,1 — €], and H(p) is twice continuously differentiable on
[e,1— €.
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ii) |51 — 0| = Op(n%), 0 < dy < 1/2.

iii) Assumptions D1, D3, D4, and D5 are satisfied with ag(z) = Yo0(z), €, = n~% and sparse
approximation rate £ > 1/2.

iv) n=% = o(ry) and r; = O(n~%In(n)).
Theorem 2: If
i) Assumption D6 is satisfied,

ii) A(a) > 0 for all a € R, In A,4(a) is concave, A(a) is twice differentiable with uniformly bounded
derivatives, D(X) is bounded, and E[D(X)D(X)?] is nonsingular,

iii) Assumptions D1 and D2 are satisfied for ap(x) equal to each element of

E[D(X)Ao(a(Xt))Yar)/A(a(Xt))| Xi41 = x] with sparse approximation rate €3 and for E[Y14| X1 =
x] with sparse approximation rate o,

iv) di > 1/4,

V) 1+ (26 — 1)/(261 + 1)] - 26/(26 + 1) > 1/2dy, n~BC=D/CE+) = o(ry) and ry =
O(n~H 26 -1/C8+D) (),

vi) €3/(263 4+ 1) +di > 1/2, \/In(p)/n = o(r3), and r3 = O(y/In(p)/nIn(n)),
vil) (46 —1)/(2& + 1) > 1/(2d1),
then for V = G~ E[o(W )y (W)T]G1

A

V@ —00) L NO,V), VBV
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7 Appendix: Proof of Theorems 1 and 2

Proof of theorem 1 is a direct consequence from |Chernozhukov et al. [2023]. In this appendix,
we provide regularity conditions and convergence rates for a Lasso Minimum distance estimator of
ao(X) = arg minger Ew(X){w(X) v, (X)—a(X)}?], with respect to a dictionary (b1(X), ba(X), ...
having elements in a mean square closed set R, a subvector b(X) = (b1(X),...,b,(X))’, an estima-
tor Q of Q = E[w(X)b(X)b(X)'], and an estimator M of M = E[v,,(X)b(X)], where w(X) > 0 is
bounded and bounded away from zero. Conditions and estimates used here use estimates given in
Chernozhukov et al.| [2023]. For a matrix A = [a;;] we define |A|oo = max; j[a;l, [Al1 = 32, ; |aijl,
and for a measurable function a(X) of X we define ||a|| = /E[a(X)?]. We consider an estimator
of ap(x) to be

p
@(x):b(x)’ﬁ’ f):argmgn{_2M/,0+p’Qp+27“Z|pj’}'
j=1

Assumption Al: There is C' > 0 such that (i) maxi<j<p |b;(X)| < C and w(X) > 1/C; (ii) for
every n, there is a p x 1 vector p, such that |p,|1 < C and |jag — b'pp||? = O(en).

Assumption A2: (i) |Q — Qloo = Op(en), (if) [M — M|w = Op(en); (iii) €, = o(r).

Lemma D1: If Assumptions D1 and D2 are satisfied, then ||& — ap|| = Op(1/7).

Proof: Assumptions D1 and D2 imply Assumptions 1-3 of |(Chernozhukov et al. [2022b]. The
conclusion then follows by Theorem 1 of CNS. Q.E.D.

Note that we make the assumption that the moments g; is sufficiently smooth with respect to -,
then we can also approximate dg; by a finite difference:

égt(Wf‘% 9) ~ gt(w/a Y + 6b7 9) - gt(W7/Y7 9)

which for € = o(n™!) will add negligible extra error.

This result gives a convergence rate for &y of \/r. We can speed up this convergence rate under a
stronger approximate sparsity condition and a sparse eigenvalue condition.

Assumption A3: There exist C' > 1, £ > 0 such that for all 5 with 5 < C(e2)~/ 042 there is p
with 5 nonzero elements such that ||ag — b'p|| < C(5)7¢.

For any p = (p1,...,pp), let J = {1,2,...,p}, J, be the subset of J with p; = 0, and J be
the complement of J, in J and let p;, = argmin,{||ag — b'p||*> + 2€,|p|1} be the population Lasso
coefficients for penalty 2¢,. The next condition is a sparse eigenvalue condition for the population
matrix Q

Assumption A4: Q is nonsingular and has largest eigenvalue uniformly bounded in n. Also, there
is k > 3 such that for p = py,

/
inf Q9

7(52 > 0-
{515?&072]-6ng 1951<k 225 ¢ 7, 1031} 2 ey, 9
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Lemma D2: If Assumptions D1-D4 are satisfied, then ||& — ag|| = O, ((en)lﬁﬁr>

Proof: Assumptions D1-D4 imply Assumptions 1-5 of |Chernozhukov et al.| [2022b], so the con-
clusion follows by Theorem 3 of Chernozhukov et al.|[2022b]. Q.E.D.

The convergence rate here is faster than that of Lemma D1 when £ > 1/2 and r is not too much
larger than ¢,. For Theorem 2, it is useful to have a uniform convergence rate for Lasso minimum
distance.

Lemma D3: If Assumptions D1 - D4 are satisfied, £ > 1/2, r = O(In(n)e,), and there exists
C > 0 such that p < Cn®, then there is C > 0 and a p x 1 vector p such that for a,(x) = b(z)Tp
we have |p|;1 < C, sup, |an(x)| < C, and

26—1
6= pla+ sup|a(e) = an(w)] + lan — aoll = Op (7 n(n) ).
x

Proof: We make use of the results of Appendix C.1 of |(Chernozhukov et al.| [2022b]. Choose p
here to equal the p; defined immediately preceding Lemma C2 of |Chernozhukov et al. [2022b].
Then the first two conclusions follow by Lemma C2 of CNS and the elements of b(z) uniformly
bounded which give |ay, ()| < C|p|1. By the last three lines on page 44 in the proof of Theorem 3
of |Chernozhukov et al. [2022b], we have

So that by r = O(In(n)en), [p — pl1 = Op <eff+1 ln(n)). Similarly, by the triangle inequality,

26—1
sup, |a(z) — an(z)| < Clp—ph = O, (eﬁf“ ln(n)). It also follows by Lemma C4 of |(Chernozhukov

et al.[[2022b] that the third inequality holds, so that the conclusion follows by the triangle inequality.
Proof of Theorem 2:

Lemma D4: If Assumption D6 and the hypotheses of Theorem 12 are satisfied, then:

26 +1

26 -1
st = azl = Oy (% (5257 ) 1))
. S
_ — dy
Jae = el = 0, (n~" 37 )
1#1310) = H o)l = Oy =)

Proof: Let y9,(z) be as in the conclusion of Lemma E6 and define a,(x) = a(z, 0y, y2n, ¥30). Note
that a(x) and a,(x) are bounded by Lemma D3 and D(x) bounded, and H(v19(z)) is bounded by
yo(z) € (6,1 —¢€). By Assumption 8, Lemma D3, and the fixed trimming, with A(a) > 0 and twice

269
261 — 1)\ 28241 — 3
|G1e — a0l = Op (ndl ( & > 7 In(n)* 4+ n~ %+ In(n) + nd1>
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continuous differentiability of A(a),
sup | Gae (7, y2) — Gank(@, y2)| < Csupla(z) — an(z)|
xX x

< C(Sgp [Y2e(7) — y2n(7)] + [F2 — 720)

_ —a 26 —1
=0, <n % 51 ln(n))

Similarly, ||G&onk(k) — a20(k)| is the same order in probability, so the second conclusion follows by
the triangle inequality. The third conclusion follows in a standard way. The last three equality
follows immediately from Lemma E8 in (Chernozhukov et al. [2022a].

Next, I will show that Assumption D2 is satisfied in this case. Let A(w) = o(w,5,4,7%) —
o(w, 0, &, %) — ¢(w, 4, ap, Y0) + ¢(w, Y0, a0, Y0) be the estimation remainder. Note that we have:

Ap(w) = Ap(w) + Ap(w) + Ag(w)
1 T

Ap(w) = -7 > [ae(as) = ano(ae)] Fue(we) — yio(2t))
i=1
T
Ap(w) = %Z [Gae(zt, yor) — cv0(@e, yor)] - [H (Fre(xe) — Fae(zt) — H(7)10(2e) + Y20 (21)]

o~
Il

1

>
—
M=

Agz(w) = T (Gze — a30) y1t (H (F1(zi41)) — 93 — H (51(2441)) + 730)

Il
—

Then from the results of Theorem 1 and conditions i-iii of assumption D6, I have:

Jn / A (w) Fy(dw)

< Vnlléie — aoll[[A1 = 1ol
282

— 5 __&
~0, (”_dl (Gep) ™ me? + 0 T () + "_dl) ) Op(n™™) = 0(1)
1

Jn / A(w) Fy(dw)
< Vnllaae — asoll [H(51) — 42 — H(710) + 20|

—-0, <n—d1 (;2 :L 1) 1n(n)) - 0,(In(n)) = 0,(1)

\/ﬁ/ v/ As(w) Fo(dw)

< Vallase — asoll [H(E1) — A5 — H(vio) + 30| = O, (n

—q, 26— 1
26 +1

This implies that Assumption D2 is verified. Next, Assumption D3(i) follows by the form of ¢q,
o2, and ¢3 given in Section 2.2, and

)07 = 0y(1)

E Y —m10(Xe) [ X¢] =0
B [Yar {H (10(X111)) = y20(X0)} | Xe] = 0
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EY1i{H (710(Xi41)) — 730} =0
Next I will show that Assumption 3(iv) is satisfied. Let a(z) = a(x, 09,42,%3). Then
(7, 60,00) =T +T1+T2+T3
T = [ D(ao) g — Ala(ai) }dFo(dw)
T = /alo(wt) (y2r — 1 (¢)) dFp(dw)
T5 = aso /ylt [H (1 (2e41)) — 3] dFo(dw)
12 = /0420(5Ut7y2t)[H (M (@441)) — Fa(ze)]dFo(dw)

Note that

T=T+To+Ri + Ry
Ty = -6 / D(xe)Aa(a(ze){72(x1) — Y20 (1) }dFo (dw)
= A(¥3 — 730),
= 5/D x¢)Na(a(zy)))dFy(dw)

_ / D) Aaa(@(2))a(z2) — alxe)2dFy (dw)

- [ D@tAa(a(e)lat) - a(e)ldFy(duw)

Also,
B <C (H% —y20l|® + |43 — 730\) =0, (ni4d1<l/(2(1+1)) = 0p (n71/2)

[Ra| < € (142 = 20> + 135 — 150[?) = 0 (n™"/2)

so that B -
T=T1+1T>+ o0, <n71/2>

Next, note that by the definition of asgg(xt, yot),

T) = /a2o($t7y2t){72($t) — Y20(7t) YdFo(dw)

Therefore, - )
TI + T2 = TQ;

Ty = / a0 (e, y2t) (H (31 (2e41)) — 20 (xe) YdFo(dw)

Note that by yo0(x) = E [H(v10(X¢+1))| Xt = x, Yoy = 1] and subtracting and adding the expression
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a20(x¢, y2t ) H (y10(2¢41) ) Fo(dw), I obtain

Ty = /ago(xt,ygt){H (31 (z441))—H (71o($t+1))}Fo(dw)+/ a20(2t, Y2 ) {H (710(2441)) =720 (24) }dFp (dw)

- / a0(@t, Yo ) CH (1 (1)) — H (y10(2e41)) } Fo(dw)

Expanding terms give: 3
T =15+ R3

T, = /0‘20(%, y2t) Hp(y10(@e40)) {91 (e41) — 110(2441) dFo(dw)

R3 = /0420($t7y2t)pr (1 (@41)) {51 (we41) — Y10(Te41) P dFo(dw)

where 71 (z;) is between 41 (x;) and 7y10(z¢). It follows similarly to previous arguments that |Rg| <
ClA — ,},10‘2 — Op(nf2d1) — op(n*1/2), so that Tp = T + op(n*1/2).

Also,
Ty — / Go(z)H (110(x2)) {(B1 (1) — y10(z1) }dFp(dw)

Cro(x) = E [ooo(Xy, Yor)[ X1 = 7]

Note that
aio(z) = Co(x) + a30C20(x)

Co(z) = E[Y14| X411 = 2]
Then by [ Cio(@e)H (v10(zt)) [yar — Y10(w¢)] dFp(dw) = 0, I have:

Ty +T1 = aszp / Goo(e) H (y10(2t)) [y2r — F1(2¢)] dFp(dw)

= 0630/(20(337:)17 (v10(z¢)) [v10(2t) — A1 ()] dFp(dw)

Next, note that by iterated expectations and asg = A/ P,

T3 = aso/yuH (F1(z441)) dFp(dw) = a30/§20(9€t)H (91 (z1)) dFp(dw) — Ads
Note also that
Avs = AE [y1eH (mi0(7141))/ 1] = 0430/C20($t)H(’Y10(93t))dF0(dw)

Then, by an expansion,

T+ Ty = 0430/C2o(xt)H (710(z¢)) dFp(dw) — Ay

= Oéso/Czo(fvt)H (710(z¢)) dFp(dw) — A3

— as0 / Coo(@) H (110(x2)) (110(xe) — 31 () dFp(dw) + R4

= —(Tz +T1) + Ry,
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Ra = a0 [ Hyp (Gi(20) {31 (1) — y10(a) PdFo(du)

where 71 (z) is between 41 (x) and 7yi9(x). It follows similarly to previous arguments that |Rg| <
CA1 — y10)? = Op(n=2%) = 0,(n"'/2). Therefore,

Tg + T3 = —(Tz + Tl) + Op(nfl/Q)

Summarizing, it follows from what has been shown that

Y(¥,00,00) =T +T1+T2+T3
=T+ T+ T+ T+ T3+ o0y(n~'/?)
=T+ To+Ti + T+ op(n~?)
=Ty 4+ To+T) + T + op(n~Y?)
= (T +T1) + (Tz + T3) + op(n~ /%)
=(T+T) - (T +T1)+ Op(n_1/2)

= Op(n_1/2)
giving Assumption D3(iv).

Next, note that by the fixed trimming, H(%1(z)) and 4;(z) are uniformly bounded. Also, by
Lemma E6 in (Chernozhukov et al. [2022a], 92(x) and 43 are uniformly bounded with probability
approaching 1, so

IA()|| < C ([ln (@) = aro(@)|| + [|az(z) — azo(@)]| + 45 — azol)

The second condition of Assumption D4 then follows by Lemma E8 in|Chernozhukov et al.| [2022a)].
The first condition of Assumption D4 also follows in a straightforward manner from uniform bound-
edness of 42(x) and 43 with probability approaching 1. Finally, Assumption D5 follows in a straight-
forward manner from the same boundedness properties, so the conclusion follows by Theorem 9 in
Chernozhukov et al.| [2022a].
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